We show that for compactly supported perturbations of the wave equation, solutions whose total energy decays to zero must be smooth, provided that there are no trapped rays.
This paper discusses solutions to perturbed wave equations where the perturbation is restricted to a compact subset of space. The basic intuitive idea which lies behind the results and proofs is that a solution represents a wave which moves freely except when it lies in the compact set. The expected global behavior is that the wave will stay in this region for a while and then travel off to infinity as a free wave. Since energy is not lost in this last phase, we do not expect that the total energy of a wave will decay to zero as time goes to infinity. In fact, for solutions which are not smooth we can make this argument precise by keeping track of the singularities to
show that a finite amount of energy does radiate to infinity. In this way we prove that waves whose total energy decays to zero must be smooth.
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We suppose that a., is a positive definite symmetric matrix and that 1. L = d2/dt2 -ld2/dx2 tot \x\ > R.
2. The coefficients of L are real valued and smooth.
3. n, the number of space dimensions, is odd and greater than 2.
The reality hypothesis allows us to restrict attention to real solutions and to avoid annoying complex conjugates and real parts. It is not essential. On a null-bicharacteristic we have dt/ds = do/dr = 2r 4 0 so that t can be introduced as a parameter on any ray. It x(t) is a ray described in this fashion we say that x(i) leaves the set <¿> at time / if x(t ) £ u¡ and there exist t > tn with t -»/ and x(t ) g'o). The next, and last, hypothesis on
Any ray which intersects the set a) = \x\ |x| < R\ leaves co at some finite time. That is, there are no rays trapped in co as t -» + o». Then |x(sQ)| = R and License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
We need to consider states which are outgoing with respect to points other than the origin.
Definitions. D+(xQ) = {$ e K|U(0<I> = 0 for |x -xQ| < ij. D£(*n) = H(p)D+(x ). »7^(x ) = orthogonal projection (in H) on D^(xQ).
The generalization of Lemma 2 to these spaces presents no new difficulties.
The advantage of the new spaces is that a typical outgoing ray will not be traveling directly away from the origin but will be traveling radially with respect to some new center x .
Proof of the main theorem. Suppose that zz is a finite energy solution of Lzz = 0 and that zz t C°°(R x R"). We will show that lim inL^EÍO > 0. By 
